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1 Introduction 



The basic notions of the noncommutative geometry were developed in [Q], 
[0] , , and in the form of the matrix geometry in 0] , 0] . The essence of this 
approach consists in reformulating first the geometry in terms of commutative 
algebras and modules of smooth functions, and then generalizing them to 
their noncommutative analogs. The notion of the space as a continuum of 
points is lost, and this is expected to lead to an UV- regular quantum field 
theory. 

One of the simplest models for a noncommutative manifold is the noncom- 
mutative (fuzzy) sphere. It was introduced by many authors using various 
techniques, 0, 0, §], 0. In general, these are related to finite dimensional 
representations of the SU{2) group. Thus, the models in question are basi- 
cally matrix models. Quantum field theoretical models with a self-interacting 



scalar fields on a truncated sphere were described in ||lOl, |jTT[. Since, the fields 
posses only finite number of modes the models are UV-regular. 

The basic ingredient of the noncommutative geometry developed in [|T| , 
is the spectral triple [A^ D, Ti), together with a chirality operator (grading F) 
and a charge conjugation (antilinear isometry J'). Besides a noncommutative 
algebra A, the spectral consists of a Dirac operator D acting in the Hilbert 
space of spinor fields Ti. The free spinor fields on a noncommutative sphere 
in the spirit of noncommutative geometry were introduced in |ll|] and [|12| 



in the framework of supersymmetric approach. The spectrum of the free 
Dirac operator was found identical but truncated to the standard one on a 
commutative sphere. 
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Our aim is to demonstrate, that the axioms of the noncommutative geom- 
etry can be implemented to a nontrivial field theoretical model. The model 
we wish to describe is the noncommutative analog of the Schwinger model on 



a sphere. The commutative quantum version was analyzed in detail in [P 



Its noncommutative matrix version was proposed in [jTSl , an approach going 
behind matrix models was sketched in Recently a systematic classical 
noncommutative formulation was found in |T^, where a differential calculus 
on a supersphere in the commutative and noncommutative cases is described 
in detail. Gauge models (for topologically trivial field configurations) are 
described in both commutative and noncommutative versions. 

Here we shall first modify the supersymmetric descpription of topologi- 
cally nontrivial spinor field configurations on a noncommutative sphere found 
in . Instead of using in the formulation of the model finite dimensional 



representations of the superalgebra osp{2\l) (thus working in fact within the 
matrix model approach), we shall start from an infinite dimensional canonical 
realization of the enveloping algebra U{u{2\l)). We introduce linear 5^(2)- 
invariant embeddings of various sequences of finite dimensional representa- 
tions of the even su{2) subalgebra (similar embeddings are important within 
a general approach to the quantization of vector bundles proposed in 
this is natural since, our interpretation of fields on a nocommutative sphere 
is technically close to the mentioned quantization). Only the evaluation of 
the action is performed within particular finite dimensional representations. 
A free Dirac operator is introduced and the model is gauged. After specifi- 
cation of the gauge degrees of freedom the model is quantized. The resulting 
model is well defined nonperturbatively and UV-regular. This allows an exact 



analysis of various non-perturbative objects like fermionic determinants and 
effective actions. The non-perturbative origin of cliiral symmetry breaking 
is clarified. In the commutative limit the standard formulas are reproduced 



(see e.g. [|T4|)- 

The paper is organized as follows. In Section 2 we describe the free spinor 
field on a noncommutative sphere within the m(2|1) supersymmetric formal- 
ism and we discuss linear embeddings of finite dimensional representations 
of the even su{2) subalgebra. In Section 3 we introduce gauge degrees of 
freedom, and we present a field action for noncommutative Schwinger model. 
In Section 4 we quantize nonperturbatively the model, and then we calculate 
fermionic determinants and effective field actions. Last Section 5 contains 
concluding remarks. 

2 Free spinor field 

First we summarize the commutative version of the model in question in the 
S'f/(2)-invariant supersymmetric formulation (see |jT^ for 5'f/(2)-invariant 



formalism, and |jTl|, [0, [jT^ for its supersymmetric reformulation). In this 
approach the fields are functions of two pairs Xa, Xa^ = 1)2, of complex 
variables and of one anticommuting (Grassmannian) pair a, a*: 

$ = E<nX*"x"a*"a^ (1) 

where n = {rii, is a two component index and /i, = 0, 1 (we are using a 
multiindex notations: x" = X"'^iX^^i 1^1 = ni + n2, n\ = ni\n2\, etc.). The 
space sHk of fields with a topological winding number 2k is defined as the 



space of fields (1) with 2k = \n\ — \m\ + /j, — u fixed. Any field from sTCk can 
be expanded as 

* = *o(x,X*) + f{X:X> + 9{X:X>* + F{x,X*h , (2) 

where 7 = a*a — aa*, $o; ^ 'Hk, f G '^fc+i and g G '^fc-i- Here TYfc/ denotes 
the subspace of fields from sTik' with /i — u — 0. 

The subspace of odd elements from sHk is identified with the space Sk of 
spinor fields with a given topological winding number 2k, i.e. any field from 
Sk can be expanded as 

* = f{X:X> + 9{X:X*V , (3) 

where / e ^fc+i 9 ^ '^^^ chirality operator F in 5^ is given as 

r = P+ — P_, where P± are projectors 5^ — >^ given by: 

= ada^ = /a , = a*9„.* = ^a* . (4) 

The chirality operator takes in the value ±1. The charge conjugation J 
is defined as follows 

J\lf = J(fa + ga*) := g*a - f*a* = T** = * . (5) 

Obviously, J : Sk ^ S-k, and J^^ — —1. The inner product in Sk we define 
as 

(*i,*2) = JdiJ,^r^2 = j duUU2 + 9l92) , (6) 

where = j^d\d\*dada*5{x*aXa + a*a - r) and di/ = ^d^x5{x^ - r^) 
are normalized measures on a supersphere sS^ and sphere respectively. 
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In the superspace C^'^ we have a natural action of the superalgebra 'u(2|l) 



X = -X* , B = -B* , (7) 



written in a (2|l)-block diagonal form. In the space C^'^ a super- Poisson 
bracket algebra can be introduced by postulating elementary bracket rela- 
tions among C^'^ coordinate functions 

[Xa, X*f3] = Sal3 , [a, CL*] = 1 (8) 

(with all other elementary brackets vanishing). The ?^(2|1) superalgebra is 
then realized in terms of super-Poisson brackets by choosing its basis in the 
following way: 

Xi = '^-x^aiX , h = x^X + 2a*a , 

Va = Xaa* , Va = Sa^Xpa , ^ = X^X + • (9) 

The operators Xj, b are even generators and Va, the odd ones of the superal- 
gebra S'u(2|l); r is the central element extending it to the 'u(2|l) superalgebra. 

The m(2|1) superalgebra is realized in the space of sTik as the adjoint 
Poisson-bracket superalgebra {Xj, B ,Va,Va, R}: 

X,^ = [xi,^] , B^ = [h,^ , m = [r,^] 

V^^> = K,^] , V^^ = [v^,% . (10) 

Obviously, the space sTik is an invariant space with respect to (11). This 
action can be extended to the superalgebra B = W(u(2|l)) = Q) (the 



enveloping algebra of the superalgebra W(m(2|1)). Since the function r = 
X^X + ct*a is an invariant function with respect to this action, all functions 
(fields) $ can be factorized by the relation r = const. 

The spinor space Sk is invariant with respect to the action of the even 
Poisson bracket subalgebra corresponding to A := B^. The free Dirac op- 
erator is an operator in Sk which has the following form in terms of ti(2|l) 
generators 

Do = ^eap{VaV,3 + VaV/s) = eo,^{x^d^*y da + xldx0^9a*) ■ (11) 

We stress that this Dirac operator already contains a topological gauge field 
term (the /c-monopole magnetic field). Similarly, the chirality operator can 
be expressed as 

T ^ B - R ^ ada - a*da* . (12) 

The chirality operator anticommutes with the Dirac operator: DqT = —TDq, 
i.e. the Dirac operator is a chiral odd operator mapping ^ . The free 
spinor field action is defined by 

= j djj^Do^f . (13) 

Now we shall describe a noncommutative version of the free spinor model. 
We shall go beyond matrix models starting from the infinite dimensional 
superalgebra B = U{u{2\l)) = B^ ® B^ and its even subalgebra A :— B^. 
Only the evaluation of the action will be performed at some finite level. 

We shall work within the canonical ttB realization of the superalgebra B: 
we insert graded commuting variables a, a*, Xa, X*a-i ^ — 1)2 by annihilation 
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and creation operators satisfying graded commutation relations 



[Xa,X^] = ^a,/3 , [a, a*] = 1 (14) 

(all other elementary commutators vanish). They act in the Fock (super)- 
space 

sjF = {\n,u) = -^x*"«*lO)} = sJ^° esJ^' , (15) 



possesses a natural grading with respect to the fermion occupation number 
p (in eq. (16) n is a two-component multiindcx, u = 0,1, and |0) is the 
corresponding normalized vacuum state: Xa|0) = a|0) = 0). In what follows 
we shall use the notation T — sT^, and we shall simply write B and A 
instead of ttB and ttA. 

The generators satisfying in sJ^ the W(m(2|1)) graded commutation rela- 
tions (10) are given by eqs. (9) (commuting parameters arc rcplaceded by 
annihilation and creation operators and graded Poisson brackets by corre- 
sponding graded commutators) . The Fock subspace 

sJ^N = {\n,u) , \n\ + u^N} = sJ^o ® sJ^j^ , (16) 

is the carrier space of the unitary irreducible representation tt^ of m(2|1) 
superalgebra. We shall use the notation J^n — sJ^. 

We define the space sHk of superfields with the winding number 2k as 
the set of operators in the Fock space of the form (1) with 2k = \n\ — 
\m\ + ^ — u fixed. Obviously, $ G sTCk maps any space sJ-'n into the space 
sJ^M, M = N + 2k. The u{2\l) superalgebra is reahzed in sHk as the 
adjoint graded commutator superalgebra (10). Any superfield from sHk can 
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be expressed as in (2) with coefficients from Tik (however now expressed in 
terms of anihilation and creation operators). 

By restricting the action of superfields $ G sTCk from sJF to sJF/v we obtain 
a space of mappings sJ-'n — > sJ-'m, M = N + 2k. We shall denote them by 
sHi', k = i(M - A^), J' = \{M + N-l) = J- \ (these relations among 
M, N, J, J' and k are assumed in what follows). From the definition of s7i^' 
it follows that on s7i^' acts the direct product vf^j vr^ of the irreducible 
representations vfjv/ and tin of the superalgebra ^(211). 

Note: Representations vr^ of m(2|1) are well known. They corresponds 
to the atypical {q,—q) representations of sm(2|1), in the notation of [PD]]: 
quadratic and cubic Casimir operators vanish and they are classified by the 
value R = N of the central element in u(2|l) superalgebra. However, their 
products are indecomposable and have quite pathalogical properties, 
This causes problems with the identification of auxiliary fields in the non- 
commutative case. 

Such problems do not occur for the coefficient spaces Tik of operators act- 
ing in jFjv := sJF^. The subspaces H( are defined as the spaces of mappings 
J-'n — > J^M- In H'l we introduce the scalar product 

(<l>i,$2)( = 7^Tr($*$2) . (17) 

In T-C{ acts the direct product representation tim®t^n of the irreducible SU{2) 
representations t^m and m. Tm and Tjq respectively. The direct product 
T^M®T^N possesses a decomposition to irreducible SU{2) representations, and 
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consequently 

ni = v^^ , (18) 

j=\k\ 

where V/-^ denotes a SU{2) representation space corresponding to a spin j. 

For each J and k we constructed in Appendix A an orthormal basis 
Wkm^ J = 0, 1, . . . , |m| < j} in Hk- The orthonormal basis {D^j^ = Ckj^im, 
j = 0, . . . , J, \m\ < j} in TC( with respect to the scalar product (17) is 
determined by rescaling coefficients c{j determined in Appendix A. 

We define the isometrical projection operator Cj^ : 7ik Ti-l by C^D]^^ — 
D'l^, and by C'l : H( — > Hk we denote the reversed isometrical embedding. 
We can extend this construction by taking K > J and defining the isomet- 
rical projections C^"' : Ti'l, together with the reversed isometrical 
embeddings C'i^ : Hi ^ . It holds 

C^' - CiC'l , C'i^ = C^C'l . (19) 

These are the key objects of our approach which give the prescription how 
are related to each other for various values of J the (matrix) realizations in 
Hi of a given field from Hk- 

Similarly as in the graded commutative case, we define the space of 
spinor fields with a topological winding number 2k as the odd subspace of 
the space sHk- Such spinor fields can be expanded as 

* = /(x,X*)a + g{x.X*)a* , (20) 

where / e ^fc+i 9 ^ ^fe-^- chirality operator T : Sk ^ Sk and 
the charge conjugation J : S\. ^ S-k are defined in the same way as in the 
commutative case. 



9 



The subspaces S{ are again given by the restriction: they are odd map- 
pings from i.e. odd mappings sTn sJ^m with M = J' + A; + |, 
N = J' -k + \. In the space we choose the inner product 

(^1,^2)):' = ^j;^sTr^(^'i^2) , (21) 

where sTr^v denotes the supertrace in the space of mappings sTn sJ-'n- 

Now we shall concentrate our attention to the space of mappings Sk Sk- 
Such mappings have the form 

J:AB?^ := Y.^^'^B* , (22) 

where Ai,Bi are elements from sHq such that all products AiBi are even 
{B" means the right multiplication of ^ by B*). In the space of mappings 
Sk Sk we have a natural grading induced by the chirality operator: the 
mapping J2A.iB° is even (odd) if all Ai and Bi are even (odd). Obviously, 

— > for the even mappings and Sj^ for the odd ones. 

In the noncommutative case the free Dirac operator is given by the first 
equation in (11) but with graded Poisson brackets inserted by graded com- 
mutators. The resulting expression can be rewritten in the form 

^0 = v^v°^ - v^vl , (23) 



which was proposed earlier in ||TT|. This is the simplest odd mapping com- 
muting with the su{2) generators Xj = Xi — x°, i = 1, 2, 3. 

The spectrum of the free Dirac operator contains: 

(i) non-zero modes 



Ef,^ = ±\jU + k + \)U-k + \) , j = \k\ + ^,\k\ + l...,J , (24) 
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(ii) and 2\k\ zero-modes corresponding to j = — | (if /c 7^ 0). 
The corresponding eigenfuctions {^im^}^ J ~ 1^1 ~ 1^1 + ■ ■ ■ > ^'^ 1^1 — J 
are presented in Appendix A. They form an orthonormal basis in S^' . Any 
spinor field from S^' can be expanded as 

* = E E + ■ (25) 

j=|fe|+l/2 |m|<j 

For a given k and J — J' + ^ the free spinor field action we take as 

Si[<b,<if*] - (*,i^o*)^ (26) 

The spinor field space is obviously an ^-bimodule. The algebra A^A° 
acts in Sk as left-multiplication hy A ^ A and right-multiplication by -B* € ^ 
(see (22)). The Dirac operator acts in ^0 as a commutator: 

Do{AB°^) = [Do,AB°]^ + AB°Do^ . (27) 

Thus, Dq : AB° — > [Dq,AB°\. Consequently, the graded Leibniz rule in 
A® A° is satisfied. Obviously, this changes the grading of the mapping. 
The charge conjugation J induces in the space — >■ an automorphism 
AB° — > J~^AB°J. It is easy to see that the Dirac operator corresponds to 
an J'-odd mapping: J~^DqJ — —Dq. 

3 Gauge symmetry 

In the commutative case the gauge transformations of the spinor field are 
given in the following way 

^ ^ a;^ , ^* ^ a;*^* , (28) 
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where u is an arbitrary unitary element from TIq. To guarantee the gauge 
invariance one should replace the free Dirac operator Dq by the full Dirac 
operator 

D ^ Do + qoA. (29) 

Here Qo is a dimensionless coupling constant related to the usual coupling 
constant q and the radius r of the sphere in question as go = QT^- The 
compensating gauge field A transforms inhomogenously under gauge trans- 
formations 

A ^ A + uj[Do,uj*] . (30) 

Since, Dq already contains the topological (k-monopole) gauge field, the field 
A is a globally defined gauge field. Such gauge fields can be expressed in 
terms of the real prcpotcntials A G Tio corresponding to the pure gauge 
field A (exact 1-form) and a e Hq corresponding to the dynamical gauge 
field A (coexact 1-form). The full Dirac operator can be written in terms of 
n = UQP+ + UQ-^P- with U = exp(iA) and Q = ex.p{qoa). The formula 
for D can be rewritten as 

D = tlDotl* . (31) 
The square of the Dirac operator has the form 

= [A(Q) + qoF{Q)]P+ + [A(Q) - qoF{Q)]P^ , (32) 

where A(Q) is the Laplace operator on a sphere with the gauge field included, 
and the field strenght operator -F(Q) is 

Fm = q;\x*ad^*„ - Xad^J + Aa . (33) 
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The differential term takes in Sk the constant value q^^k and it corresponds 
to the contribution of the /c-monopole, the last term is the field strenght 
generated by the dynamical field a. 

The pure gauge prepotential A can be gauged away, and there are no 
restrictions on it. There arc limitations on the dynamical prepotential, since 
a enters the Schwinger model field action 

= ^JdpF\Q) + Jd/i^D^, (34) 

which is obviously gauge invariant. Expanding a into spherical functions 
(denoted as -Dq^): 

oo 

<^ = E E HnDim , ^-m = (-l)"^C , (35) 

j=0 \m\<j 

we obtain a contribution to the action proportional to 



E E j"(i+irfer 

j=0 \m\<j 



This is finite provided that 

Hn = o{j-'/') . (36) 

In the noncommutative case we identify the group of gauge transforma- 
tions with the group of unitary operators u G Tio, and wc postulate that the 
spinor fields ^ e 5^ transform under gauge transformations as follows 

^ ^ (2;^ = a;a;°^ = uj'^uj* . (37) 

This is an unitary JT"- invariant mapping in Sk- In order to obtain a gauge 
invariant action we introduce compensating gauge degrees of freedom. We 
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shall describe them by the operators of the form fl = UQ^^^P+ + UQ^~^P-, 
where U & Ho is an unitary operator describing pure gauge degrees of free- 
dom and (5*^^^ e Ti-o are positive operators corresponding to the dynamical 
gauge degrees (they will be specified below) . To any Q we assign the mapping 
O in 5^: 

^ ^ = nn"^ = n^n* . (38) 

Explicitely, acting by Q and Q* on ^ — fa + ga* e Sk we obtain 

Q*^ = Q^+^U*fUQ^-^a + Q^-^U*gUQ^+^a* . (39) 
We take the interacting Dirac operator in the form 

D = nOo^* . (40) 

Postulating that under gauge transformation 

n ^ (jQ , (41) 

we enjoy the transformation property: D^* ujD'^uj*. 

Formula (40) for the full Dirac operator has the important property that 
it preserves the index of the Dirac operator. Any zero-mode of Dq yields 
a zero- mode Q*~^^o is of D and vice versa. Nonzero- modes appear in pairs, 
if ^f^-* is an eigenstate of the full Dirac operator to the eigenvalue E,E > 0, 
then ■* = r^^"* is an eigenstate to the eigenvalue —E. 

The square of the Dirac operator is an even operator in Sk- Similarly as 
in the commutative case, the square of the Dirac operator can be written as 

= [A(0) + qoF{n)]P+ + [A{n) - qoF{n)]P^ , (42) 
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where A{Q) is the noncommutative analog of a Laplace operator on a sphere 
with gauge degrees of freedom included, F{fl) is the operator coorespond- 
ing to the field strenght and Qo is the coupling constant. The topological 
(monopole) contribution to the field strenght is obtained by putting 0,-1 
in F{Q). In it takes the same value q~^k as in the commutative case. 

For a given J and k the spinor field action interacting with gauge field 
has the form 

+ j^^^j—^sTri'[F\Q)P^ - F\n)P^]} , (43) 

where sTtn in the first term denotes the supertrace in the space of mappings 
sJ-'n — >• sJ-'n, and sTr^ in the second one denotes the supertrace in the space 
of mappings S^' —>■ S^' . The factor in the second term guarantees that the 
pure topological contribution obtained for Q = 1 is properly normalized to 
q~^k'^. The action (46) is gauge invariant. We can gauge U away and fix the 
gauge by putting = Q^^^P+ + Q'-'^P-. 

In the noncommutative case the dynamical gauge degrees of freedom are 
described the hermitean operator a & Ho possessing an expansion like in (35), 
however now in terms of a noncommutative analogs of spherical functions: 
Dq^ e Ho, j — 0,1, ... , \m\ < j, (see Appendix A). Since, the noncommuta- 
tive gauge field action approaches in the commutative limit its commutative 
form we shall assume the asymptotic behaviour (36) for the expansion coef- 
ficients too. 

We define the operators Q^^^ in the Fock space by their restrictions 
Q^^) to subspaces !Fn'- For fixed J and k in the action appear restrictions 
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with A^' = J' ± A; ± i. The maximal value of A^' for fixed J and arbitrary 
I A; I < J is 2 J. Therefore, it is enough to define the the operators Qtv'^ 
A^' < K, for some fixed K > 2J. Namely, we put 

= expSS,, , N'<K , (44) 

where the operators 

SS^, = (lnoCf^'oexpoCo^^')(±eoa) , (45) 
are defined with the help of isometrical mappings 

C'q^ : ^ IH.^^ introduced in Appendix A (co is a dimensionless pa- 

rameter specified later). 

This definition guarantees that aKN' = C^^'a posessess an expansion in 

N' 

^KN' = = E E K^DL' , (46) 

j=0 \m\<j 

with the truncated subset of coefficients {b{^, j = 0,1, . . . , K, |m| < j}. 
Thus, the untruncated modes have the intensities independent on A^'. The 
field a is for us a primary object, whereas Q*-^-* are secondary ones. 

4 Quantization and fermionic determinant 

We quantize the Schwinger model within the path integral approach. First 
we describe the quantization in the commutative case (for details see ||14||), 
and then its noncommutative version. 

The quantum expectation values of the field functionals -P[H] (where S = 
{\E', \E'*, cr. A} denotes the collection of all fields in question) are defined by 
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the formula 

= Z-'Y.f (DE), P[E] e-^[^] , (47) 
k 

with the summation over all topological winding numbers k = 2k and the 
normalization 

Z = J (DS)o e-^[=l . (48) 

The action S[E] is given in (43). The symbol {DE)k = {D^D^*DaDX)k de- 
notes a formal integration over all field configurations with a given topological 
number. The field \1/ can be expanded, e.g. into corresponding eigenfuctions 
of the free Dirac operator 

oo 

* = E E + aim'^D (49) 

j=\k\-l/2 \m\<j 

with Grassmannian coefficients aj^ (for j = — 1/2 the expansion contains 
only one component corresponding to the zero modes). Then -D\l/fc ~ I\do,k^ 
means a formal infinite dimensional Berezin integration. The symbol D'^l is 
defined analogously. 

If the field functional -P[S] is gauge invariant, then the integrand in (47) 
does not depends on a pure gauge prepotential A. A gauge fixing condition in 
(47) should be imposed, or alternatively, one can factorize out a pure gauge 
prepotential A, and take in (47) only the relevant fields H = {\1', \1'*, a}. 
Then {D'E)k = {D'^D'^*Da)k- Expanding a into spherical fuctions (as in 
(35)) we introduce a formal infinite dimensional integration Da ~ UdHn 
(with = i-irbl)- 

Thus, the expectation values are defined only formally, and some regu- 



larization procedure is needed. In were calculated in this way various 
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non-perturbative quantities. If the functional -P[S] in question is a polyno- 
mial in spinor fields then the calculation over {D'^D'^*)^ can be performed 
explicitely. This leads to the fermionic determinants and effective actions 
which are needed for the calculation of fermionic condensates. 

The gauge field effective action Sl'^^[a] is obtained by integration over 
D^iD^i* in (47) and is given as 

Sl"[^] = S,[a] + S^M , (50) 

where 5*^ [a] is the classical gauge field action and the second term represents 
the quantum correction defined by the equation 

CrdeiuD = exp(-SrM) . (51) 

Here C^^^ is a field independent regularizating factor and detkD denotes the 
product of non-zero eigenvalues of D in the sector with topological winding 
number k = 2k. The formula derived in |]14| reads 



r 1 I"' 

El^^la] = 2 / rfi/(Va)2-7ri|/t| - -|/t|2-2|/t|ln(|/t|!) + 2^nlnn . (52) 

The effective action appears in formulas for many important quantities, 
e.g. the fermionic condensate - the mean value of the field functional (\Ef, \Ef) = 
/ dfi^"^. The simplest way how to calculate it consists in adding a "mass" 
term m(\E', \E') to the action and using the formula 

There are two equal contributions ((^E', ^E'))±i/2 appearing in the numerator 
in (47) for k = ±1/2. 



In the noncommutative case we shall start from the general formula (47), 
however there are important differences. We fix J and restrict the admissible 
range of A; to < J. The symbol (-DS)^ = {D'^D'^*Da)( denotes an 
integration over all field configurations with a given topological number: 

(i) The spinor fields ^ G Si' and ^* G S^'^^ can be expanded into cor- 
responding eigenfuctions of the free Dirac operator with independent Grass- 
mann coefficients , a^-'. The fermionic part of the integration measure 
{DE)( denotes the finite Berezin integral 

{D^D^*)i = n % n n , (54) 

|m|<|fe|-l/2 V J j=|fe|+l/2|m|<j V J VJ 

(the first product comes from the contributions of over zero-modes and is 
present only for A; 7^ 0). 

(ii) We restrict a to Tk with some fixed K > 2 J. Expanding a as in (46) 
with expansion coefficients 6^ = (— 1)'"&L^ we put 

{Da)i = n cift^o ri dV^ . (55) 

j=Q m=l 

There are no problems with the gauge fixing. The gauge group is isomor- 
phic to SU{K + 1) possessing a finite volume which can be factorized out. 
The number of all modes, the dimension of the measure (DS)j(, is finite, and 
consequently there are no ultraviolet divergencies. This allows to calculate 
straightforwardly various non-perturbative quantities. 

Let the observable P[5] in (47) be independent of fermion fields. We 
perform a bosonization of the model by integrating out the fermionic degrees 
of freedom and obtaining an effective action 5'}{-^[(t] = Si[a] + S^[(t]. Here 
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S^l[a] is the classical noncommutative gauge action (the second term in (43)) 
and S^[(7] is the quantum correction given as 

exp( L,[aJ) - ^^^^^ - ' (56) 

where [D'^D'^*)^. denotes the integration over non-zero modes. It is more 
convenient to take instead oi D = VlDqVL* the shifted Dirac operator Vt{DQ-\- 
m)Q*, possessing 2\k\ modes with E = m instead of zero-modes. Then 

exp -Sf a = lim , „ . (57 

We rewritte it as a product of two factors. The first one 

lim ^ = detn detO* (58) 

"»-*o /(£)*£)^*)^e"(*'('°o+'")*)fc 

do not depend on m. 

In Appendix B we derived the formula for the rescaling mapping 

oo 

Cf ^' = exp{- J:[{N' + 1)-^^-^ -{K + l)-"'-']S,{A)} , (59) 

A;=0 

with a known polynomials S'fe(A) in Laplace operator A — Xf, and an anal- 
ogous formula for Cq^' differing just by the sign in the exponent. Using 
them we calculated in Appendix B the commutative limit J — > oo of the first 
factor. Taking K = 0{J^), e > 1, and normalizing the constant Cq properly 
by = ql{2J + 1)~^ we obtained the leading term in the asymptotic form 
of (58): 

detn detQ* = exp{-2g^ J du(Xiaf + o(J-^)} . (60) 

The second factor gives with k = 2k 



m^om2|*^l /(i:)^i:)^*)^e-(*'^o*)o detoi^'o 
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exp[7rz|K| + -|/t|^ + 2|/t|ln(|K|!) -2^nlnn + o(J"^)] . (61) 

2 n=l 

Eqs. (60) and (61) yields in the limit J —>■ oo the well-known expression for 
the effective action (see e.g. p^). 



5 Concluding remarks 

In this article we described a noncommutative regularization of the Schwinger 
model on a noncommutative sphere. We constructed Connes real spectral 
triple {A, H, Dq) supplemented by the the grading T and the antilinear isom- 
etry J' (identified with the chiralitity operator and charge conjugation). An 



important new aspect with respect to our previous work |T^-[0 lies in the 
fact that as the spectral algebra A we take an infinitedimensional associative 
algebra - the even part of the superalgebra B = W(n(2|l)). We have worked 
within its canonical realization. 

The elements AB" ^ A® A" act in the Hilbert space Ti of spinor fields 
as the left multiplications by A and the right one by B*. Introducing the 
differentials dA = [Dq, A] and dB° = [Dq, B°] we obtain that in our case the 
condition [A, dB°] = [dA, B°] = 0, usually required in the noncommutative 
geometry, is violated. 

We gauged the model in a standard way: \I' u'^uj*, with uj unitary. 
The compensating gauge fields A enter the full Dirac operator which can be 
expressed as -D = DaDa + D*^D*^ with Da = Va + qoAa and /)„ = Va + qoAa- 
Such a form of D with general Aa and Aa was recently proposed in W7 



within supersymmetric extension of the Schwinger model. This formulation 
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contains besides physical fields auxiliary fields. We eliminated them by ex- 
pressing = UQ[V^,U-^Q-^U-^] and = UQ-^[V^,QU-^] in terms of 
prepotentials. Moreover, our choice preserves the index of the Dirac operator. 

The physical model is determined if we choose the action for the fields in 
question. The cvahiation of the action we performed by restricting the fields 
to a particular finite dimensional mappings in the Fock space. This required 
sequences of linear SU (2)-invariant embeddings of various representations of 
A. We evaluated the rescahng coefficients of these embeddings which are 
necessary for the evaluation of the action. 

The action of the resulting noncommutative Schwinger model contains 
finite number of modes for each field in question. This allows nonpertur- 
batively to quantize the model. As an application we calculated the chiral 
anomaly and the effective actions. Although we obtained standard results in 
the commutative limit our interpretation is very different: 

- in the commutative case the nontrivial value of the fermionic determi- 
nants is due to the singularity of the operator exp(— eD^) for £ ^ 0, and this 
leads to the chiral symmetry breaking, 

- in our approach the chiral anomaly follows straightforwardly from the 
basic postulates - its appearance is a direct consequence of the fact that the 
isometric embeddings and exp-log mappings do not commute. 

The noncommutative formulation of the Schwinger model leads not only 
to the expected ultraviolet regularization, but straightforwardly to highly 
nonperturbative results. It provides a better understanding of the procedure 
of regularization and renormalization, and the mechanisms of bosonization 
and chiral symmetry breaking. It would be interesting to extend our investi- 
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gations in various directions, e.g. to include gravity along lines presented in 



Appendix A 

Here we shall describe various SU{2) representations in the space Tik- Any 
operator $ from this space can be expanded as $ = Hn^km with m = 
—j, + . . . j = |A;| + 1, . . .. The operators Dj^^ can be constructed 
as follows: 

(i) The operator 

Dl,., = [i23 + l)\/ij + k)\ij-k)\f'x7^'xl' (62) 

is the lowest weight with respect to the adjoint action of the operator Xq 
because XoDi _j = [xq, Di_j] = -jDi _j and X^D{ _^ = [x-,Di_j] = 

(here Xa = Xa{x + and x*a = ix + x)'^^^X*a)- 

(ii) For a given j all other Dl^^ can be obtained by a repeated action of 
X+, 

Dim = lU + - m)\i2j)\f' Xi-Di_^ . (63) 

The operators -0^^, \itl\ < j (for a given j and k) span a representation space 
Vj} of the SU{2) representation with spin j. 

By definition we take {Dl.j^,j = \k\, . . . , \m\ < j} as an orthonormal 

basis in Hk- Thus, 

oo 

= ® Vi . (64) 

j=\k\ 

Restricting the action of superfields $ G Tik from sJF to sTn we obtain 
a space of mappings sJ-'n — > sJ-'m, M = N + 2k. We shall denote it by Hi, 
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A; = 1(M - TV), J = ^{M + N). The expansion (64) is now truncated: 

ni = e V,'^ , (65) 

j=\k\ 

where denotes the space spanned by the operators (63) restricted to 
sTn- If we introduce in Tl( the scalar product 

(^1,^2)^ = j^Tri^l^,) , (66) 

then the orthonormal basis in V/-' is given as 

^km = cijDim > rn = , (67) 

with 

cij = [{J+l){J + k)\{J-k)\/{J + j + l)\{J-j)\]'/' . (68) 

Summing up over j = \k\, . . . , J one obtains aan orthonormal basis in T-t(. 

Taking K > J we define the iso metrical projection operator Cj^ ' : Tij^ — >■ 
^fc by D^^ = C^'^Dil, and by Cf ^ : Ul' ^ Hf^' we denote the reversed 
isometrical embedding. The operators Cj^'^ and C'^'^ are both diagonal with 
the eigenvalues cj^/c)(j and c'^.j/c^j respectively, as follows from the equation 

cijDj^J. = CkjDt ,j<J<K. (69) 

Now we determine the spectrum of the free Dirac operator. Since, [Xq, Dq] 
— 0, we classify the eigenstates of Dq according to the eigenvalues values of 
Xq. The spinor field 
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is the lowest weight of Xq because, = [a^o, = (m + n — 1)"^/ and 

= = 0. Moreover, 



*m, ,n— 1 , 



(71) 



This is an eigenstate to the value E = ±^mn provided that a^fm = 
The spinor field lowest weight eigenstates are 



(72) 



where j — ^{m-\-n — l), k — ^{m — n) (if A; 7^ we obtain for m = or n = 
zero modes corresponding to the first or second term in (74) respectively). 
The remaining eigenstates of Dq to the same eigenvalue are given by the 
standard formula 



- [(j + m)!/(j-m)!(2j)!]^/^ n"™*if-,- ■ 



(73) 



The admissible values of j then are j = |A:|, |A;| + 1, . . . J. The normalization 
constant c in (72) is specified if wc restrict the space of spinor fields to 
the space with the inner product: 

1 



(^1,^2),^ 



sTr(^i^2) . 



2J + 1 
Appendix B 

From the formula (68) for the rescaling coefficitients it follows that 



(74) 



-oj 



exp 



exp 



n=l ^ 



l-n/{N + l) 
+ n/{N + l) 



E(A^ + l)-^'-^^.(j(j + l)) 

k=0 



(75) 



25 



where Sk{t) = [{2k + l){2k + 2)] + . . . are polynomials defined by 



The eigenvalues of the operator C'q^ can be expressed as 

oo 

</4 = exp{- Ylm' + ir''-' -{K+ ir''~']S,{j{j + l))} . (76) 

A;=0 

The expansion in (75) is convergent provided j < N' < K. The eigenvalues 
of the operator C^^' differs just by the sign in front of the sum in exponent. 

Replacing by the (noncommutative) Laplace operator on a sphere 

A = X? one obtains directly from (76) the formulas for the operators C'^^ 
and Cq^' . This allows to derive the leading term formula 

= C'r'exp{C^'(±e„a)} = 

K - N' K - N' 

- 2(ir + l)(iV- + l) ^ + ■ ■ + 2(X+1)(7V^ + 1) ^ + ■ ■ 

= exp[±e,a - ^l^^^^f^^^^r^^iX.af + o{K-\ N'-')] . (77) 

Using the well known formula det^ ® B = (det 74)^(det S)^ (vahd for 
matrices A E Mat(iV (g) N) and B E Mat(M (g) M)) and the definition of the 
operators O, : S^' S^' it can be easily seen that in the gauge U — 1 we 
have 

detQ = det[QQ°] = 

(detM-iQ^+^)^+'(detivg(-^)'"(detMg^-^)'^(detjv-ig^+))^+' , (78) 

where N — J' — k-\-\ and M = J' + A; + | as usually. Inserting here (77) we 
obtain 
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Indetn = eo[(Ar + l)TrM-i(7-MTrjv(7- A^TrM(7(M + l)Triv-iC7] 



{N + 1){K-M+1) 



2{K+1) 

N{K - M) 



M 



Tr 



M-l 



M{K - N) 
N + 1 



(79) 



M+1 ^ ' N 
Taking K — 0{J^), e > 1, normalizing the constant to by = qH'^J + 
and using relations 

(which are valid for N' ^ oo due to the asymptotic behaviour (36)) we 
obtain in the limit J — > oo the asymptotic formula 



IndetQ = -ql J dv {Xiuf + o(J-^) , 



(80) 



leading sraightforwardly to eq. (60). 

For a given J and A; 7^ the free Dirac operator possesses non-zero modes 



E^.^ = ±^{j + i)2 - j = \k\ + i, + |, . . . , J, with the multiplicity 
2j + 1. Putting j' = i + \ and J' = J + | we obtain 



deto -Do 



(-irn k 



1 , / 7/ \ 2J+2m 2|A:| 

1 + m/J \ 



m=l 



+ {m-\k\)/J'^ 



n 



2\k\-2n 



J' 



2\k[ 



niai(j' + n)2ifci 



(81) 



Denoting k — 2k we obtain in the limit J — > 00 desired eq. (61). 
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